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Abstract

A new and efficient computation of the normal forms is developed in this paper for high dimensional
non-linear systems, and the computational method is applied to non-planar non-linear oscillations of a
cantilever beam. The method developed here has the advantage of directly calculating the coefficients of the
normal forms and the associated near identity non-linear transformations for three different cases, that is,
(1) the case of two pairs of pure imaginary eigenvalues; (2) the case of one non-semisimple double zero and
a pair of pure imaginary eigenvalues; and (3) the case of two non-semisimple double zero eigenvalues. The
final partial differential equations of various resonant cases appear in a canonical form whose solutions can
be conveniently obtained using polynomial equations. With the aid of the Maple software, a symbolic
program for computing the normal forms of high dimensional non-linear systems is given. Comparing the
method developed here with other methods of computing the normal forms, it is understood that we may,
respectively, obtain the normal forms, the coefficients of the normal forms and the associated near identity
non-linear transformations for three resonant cases by using a same main Maple symbolic program.
Moreover, the method is easy to apply to engineering problems. The normal forms of the averaged
equations and their coefficients for non-planar non-linear oscillations of the cantilever beam under
combined parametric and forcing excitations are calculated for two resonant cases.
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1. Introduction

Normal form theory is one of the basic methods for the study of non-linear dynamics such as
the homoclinic and heteroclinic bifurcations. The theory of normal form is concerned with
constructing a series of near identity non-linear transformations that make the non-linear systems
as simple as possible. With the aid of normal form theory, we may obtain a set of simpler
differential equations, which is topologically equivalent to the original systems. Being “‘simpler”
means that some non-linear terms may be eliminated from the original differential equations. The
main attention of the paper is focused on developing a new and efficient computation of the
normal forms for higher dimensional non-linear systems based on the adjoint operator method
[1]. The method is then applied to obtain the normal forms of the averaged equations for non-
planar non-linear oscillations of a parametrically and externally exited cantilever beam.

In engineering problems and applications of non-linear dynamics, research for degenerate
bifurcations of codimension 2, 3 and 4 is connected with research for the normal forms in higher
dimensional non-linear systems. To study degenerate bifurcations of higher codimension and the
Silnikov-type homoclinic or heteroclinic bifurcations in a practical non-linear system, the method
of multiple scales or the averaging method can be utilized first to obtain the averaged equations of
non-autonomous non-linear systems. Then, normal form theory and universal unfolding are used
to simplify the aforementioned averaged equations. Therefore, we need to compute the normal
forms of high dimensional averaged equations and to find the formulas of the explicit relationship
between the coefficients of the normal forms and those of the averaged equations. Furthermore,
we need to determine the universal unfolding or unfolding of the system and to find the relation
between unfolding parameters and those of the original system. Finally, we use the global
perturbation method to study the bifurcation characteristics of the unfolding and give the
Silnikov-type homoclinic bifurcations or heteroclinic bifurcations. For a more complicated
practical non-linear system, it is perhaps not easy to get the universal unfolding of the system. In
this case, we may obtain an unfolding instead of the universal unfolding to study the bifurcation
characteristics of the system, and also some interesting results in spite of possible incompletion of
the results.

In the past three decades, the researchers have obtained great achievements in the study of the
normal form. Up to now the five basic methods for the computation of the normal form have been
proposed: the adjoint operator method [1], the matrix representation method [2—4], the
representation theory of Lie algebra sl(2, R) [5], the method of more Lie brackets [6-8], and the
method of the symbolic computation [9,10]. Recent research is focused on the computation of
the coefficients of the normal form and its further reduction. Dangelmayr and Guckenheimer [11]
used the Macsyma to compute the normal forms and studied the degenerate bifurcations of
codimension 3 and 4 for non-linear dynamical systems with four parameters in a planar vector
field. Dumortier and Fiddelaers [12] used the Macsyma and Mathematica programs to compute
the normal forms of higher order and analyzed the degenerate bifurcations of codimension 3 and
4 in a planar vector field. Combining the center manifold theory and the normal form theory into
one step simultaneously, Yu et al. [9,10] obtained the formulae to compute the normal forms of
the non-linear systems which have four-dimensional center manifold. They developed a symbolic
computation by using the Maple program to compute explicit normal forms and associated near
identity non-linear transformations based on the coefficients of the original differential equations.
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Zhang [13] utilized the matrix representation method to compute the normal forms of higher
order and studied the degenerate bifurcations of codimension 3 for a non-linear dynamical system
with Z,-symmetry. With the application of the adjoint operator method, Zhang and Chen [14]
calculated higher order normal forms of non-linear dynamical systems with Z,-asymmetry.
Subsequently, Zhang and Yu [15] employed high order normal form to investigate codimension-3
degenerate bifurcations of a parametrically and externally excited mechanical system. Sri
Namachchivaya et al. [16] computed the normal form for a generalized Hopf bifurcation with
non-semisimple 1:1 resonance. Moreover, Yu [17] used a perturbation technique and computer
algebra to compute the normal form of non-linear dynamical systems with two pairs of pure
imaginary eigenvalues and analyzed double Hopf bifurcations.

Different from the aforementioned work which is focused on the computation of the normal
form, the recent attempt has been made on the simplification of the normal forms. Baider and
Sanders [18] made further reduction to the simplified Takens—Bogdanov normal form. New linear
grading functions were introduced by Kokubu et al. [19] to study further reduction of the normal
forms. Based on their work, Wang et al. [20] solved a special case of the remaining problem in the
paper of Baider et al. [18]. Li et al. [21] employed the method of more Lie brackets to investigate
the general form of the simplest normal form of Bogdanov—Takens singularities.

In this paper, a new and efficient computational method is developed for high dimensional non-
linear systems for the first time and the general computing formula is derived. This new method is
based on the adjoint operator method, the use of which leads directly to the explicit expressions of
coefficients of the normal form. Compared with few existing methods to directly compute
coefficients of the normal forms, the advantage of this newly developed method is that it is easy to
apply to engineering applications, and the final partial differential equations of various resonant
cases appear in a canonical form which is convenient to solve using the same main Maple
symbolic programs. Based on the Maple symbolic programs developed here, the new method is
applied to non-planar non-linear oscillations of a cantilever beam under combined parametric and
forcing excitations in two resonant cases to obtain the normal forms of the averaged equations.
For these two resonant cases, there, respectively, exist two pairs of pure imaginary eigenvalues as
well as one non-semisimple double zero and a pair of pure imaginary eigenvalues in the averaged
equations.

2. Normal form of non-linear system and adjoint operator method

Consider the non-linear system described by

x=X(x)=Ax+f(x), xeR", (la)

or
X = X(xX) = Ax + 20 + 300 + - +E ), (1b)
where x = [x1, X2, ..., xa]', 4 is a n x n Jordan matrix, f(x) = (f2(x), f3(x), ..., f5(x))" is a vector

in which the terms are formal power series for each degree>2, X(0) = 0. We also write f(x) =
Zk>2fk(x), where f*(x) is a vector of homogeneous polynomials of k-degree, and f*(x)e H¥
which represents the linear space of k-degree homogeneous polynomials in # variables.
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We use a series of near identity non-linear transformations to reduce non-linear system (1) to a
simpler form, that is, the normal form. Assuming that a near identity non-linear transformation is
of the form

x=y+Py), P(eH), )
where
PA(x) = (P{(x), Py(x), ..., P(0)" (3)
Then, we have
X = (I + DP‘ (), 4)
and
(I + DP ()" =1 - DP“(y) + O(yI* ), (5)
where DPX(y) is the n x n Jacobian matrix
o1 Oy OVn
DPfpy) = | a1 om o |- (6)
oPk  opk opPk
oy o

Substituting Egs. (2), (4) and (5) into Eq. (1) yields
J=Ay+0)+ -+ 0 + () = [DPA0) Ay — AP )} + oI, (7
where
TE+ PO = 150 + o, (8)
We define a linear operator as
ad’ - H* - HY,

ad’ P*(y) = DP*(y) Ay — AP(y) = [4y, P*(»)], PX(y)e HY, 9)

where [, -] is the Lie bracket, and the ad’Af is called a homological operator. Let R be the image of
ad®, that is, R* = Im ad¥, and C* be any complementary subspaces of R¥ in H*, H* = Rk @ Ck.
We assume f%(y) = h*(y) + g*(»), where g“(y)e C¥, h*(y) e R¥, and we may choose P¥(y) such that

adi P(y) = i*(») = /() — " (). (10)

Eq. (10) is called a homological equation. Using a series of near identity non-linear
transformations, then, Eq. (1) can be transformed after replacing y by x as

X = Ax + g?(x) + - + g" (%), (11)
where g¥(y)e C* for k=2, ..., N.
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We refer to Eq.(11) as the N-order normal form of non-linear system (1). The goal to
compute its normal form is to choose a series of near identity non-linear transformations
P(x) = (PX(x), P’(x), ..., PN (x))" such that non-linear system (1) will be in the form as simple as
possible.

In the following, we give the procedure of computing the normal form with the aid of adjoint
operator method [1]. From the above analysis, it is known that the key of computing the normal
forms is to find C¥ and a basis of C* for k = 2, ..., N. The following analysis shows how to find a
vertical complementary subspace of Im adf1 in H,’Z‘ .

Assume that V is a finite dimensional inner product space, L is a linear operator in V and L* is
the adjoint operator of L. Then, we have

(1) Ker L* =(ImL)*, (2) V =ImL@®Ker L*, (12)

where Ker L* is the null space of L*. The proof of the above result is given in Ref. [22].

It is known that if we may find the adjoint operator (ad’j)* of the linear operator adX,
Ker(adfl) is a vertical complementary subspace of Im adk in Hk Based on the analysis given in
Refs. [1 ,4], it is known that the operator aa”i,< is the adjomt operator of adX, that is, ad
(adk)*, where A* = AT is the adjoint transposed matrix of A. Then, there is

ad®s PX(x) = DP*(x)A™x — A* P*(x). (13)

Therefore, it is found that Kerad®, is a vertical complementary subspace of Im ad¥
in HY, i.e., Hy = Imadi®Kerad®,. It is clear that Kerad", is a subspace which consists
of all k order vector polynomial solutions in n variables for the linear partial differential
equation

ad PX(x) =0, P*(x)eH}, (14)

or
DPK(x)A*x — A*P*(x) = 0. (15)

Note that the differential equation (15) has the same form for different k, and therefore the
computation of any order normal forms of non-linear systems will be identical.

3. Computation of normal forms and their coefficients

In engineering problems, up to now, we can only investigate the global bifurcations and
chaotic dynamics of four-dimensional non-linear systems with the cubic terms by using
the analytical approaches, for example, the global perturbation approach developed by
Kovacic and Wiggins [23], and the energy-phase method given by Haller and Wiggins [24].
For higher-dimensional non-linear systems, it is very difficult to analytically treat the
global bifurcations and chaotic dynamics. Therefore, let us focus on the four-dimensional
generalized averaged systems with Z, @ Z,-symmetry, which only involve 3 order non-linear terms
(k=3)

x=X(x)=Ax+ f3(x), xeR*, (16)
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where f3(x)e H},
F300) = (10, 50,5 (), £ )T

_ my  my m3 Mg mp Moy  ms3 Mg
= ( E Ay mymymy X X o X5 Xyt E Dinymymymy X7 X572 X5 x4,

[m|=3 |m|=3

T
my  mp  m3 Mg my mp  m3 Mg
g Comimamymy X X5 X5 Xyt g Ay mymsmy X X5 X537 Xy (17)
Im|=3 lm|=3

and |m| = my + my + m3 + my.
In this case, Eq. (15) can become as

DP3(x)A*x — A*P3(x) = 0. (18)

When the Jordan matrix 4 and the non-linear terms f>(x) in generalized averaged equations (16)
are known, we are able to obtain, based on Eq. (18), the normal forms of system (16) and the
coefficients of the normal forms associated with the coefficients of Eq. (16).

Without loss of generality, the three cases of the Jordan matrix 4 in four-dimensional non-
linear systems are considered as follows:

(1) The Jordan matrix 4 has two pairs of pure imaginary eigenvalues;

(2) The Jordan matrix 4 has one non-semisimple double zero and a pair of pure imaginary
eigenvalues;

(3) The Jordan matrix A has two non-semisimple double zero eigenvalues.

The forms of the Jordan matrix 4 in the aforementioned three cases can be represented as
0 —w; 0 0

w1 0 0 0 Ji 0
A= = , (19)
0 0 0 —w 0 J
0 0 w7 0
01 0 0
0 0 O 0 Ji 0
A= = (20)
0 0 0 —-w 0 J,
0 0 w O
and
01 0 0
0 0 0 O Ji 0
A= = . (21)
0 0 0 1 0 J
0 0 0 O

Knowing the form of the Jordan matrix 4, we may obtain a set of linear partial differential
equations from Eq. (18) and find 3 order polynomial solutions in 4 variables. To achieve this,
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express DP3 as
oP] oP; oP} oP}]

5P3 axl 6xz 6X3 aX4

DP3:{6} s 22)

X ) axa 3 3 3 3

o, ory ory or

axl 6X2 8X3 5X4_

Considering the first case, we have

% JE 0 —w; 0 0 0
qA* — — (23)
0 J 0 0
0 0 —wy 0]
Substituting Egs. (22) and (23) into Eq. (18) yields
ot o orl o y P
e o] [ 0] B
: : : : N - N > =0. (24)
orPi oP;, oP, oP; ;
— — —* —= X4 P;
6x1 GXQ 6X3 8x4
Simplifying the above equation, we obtain
op; oP; oP; oP;
wlxzﬁ—wlxngrw X4a—x3—wﬂ3 s w1P2 =0, (25a)
P3 P3 P3 P;
a)lxza——colxla——szx‘ta——wz)g&qulP? =0, (25b)
Oxl 6)6 8X3 ox X4
op; oP; oP3 oP3 ;
— — — —— — —wP; =0, 25
@12 5 = O1X1 5 >+ waxg a0y, (25¢)
P; P; P; oP;
wlxzb—wlxla——kw X48 4—wpc3—4+co2P§ =0. (25d)
0x1 0x> 0x3 0x4 :
For the second case, we have
00 0 O
« JE 0 1 0 0 O
0 J 00 0 o
00 —»o 0
Substituting Egs. (22) and (26) into Eq. (18) and simplifying the equation obtained here yields
oP; oP; oP;
X| —L + wxs —L — ox3 —L =0, (27a)
6xz 6X3 6)64



956 W. Zhang et al. | Journal of Sound and Vibration 278 (2004) 949-974

opP; opP; or;
_ Z2_p3i_p 27b
Yigo toxg s monas s Pr=0, (27b)
op; oP3 oP3 s
_ 3 oP = 27
X1 o, + wxy s X3 oy wP; =0, (27¢)
or; or; opr;
X1—4—|—(DX4—4—COX3—4—|—(DPg =0. (27d)
6x2 GX3 GX4
Finally, the third case leads to
0 0 0O
* JE 0 1 0 00
A | = (28)
0 J3 0 0 0O
0 010
Similarly, we obtain
oP; oP;
X| =+ x3 =L =0, (29a)
8)62 8X4
xa—P%jo a—P%—P3— (29b)
! aXQ 3 aX4 L=
oP3 oP3
X =— 4+ x3— =0, (29¢)
aXZ 8x4
opr; opr;
X2t x3 2Py =0. (29d)
axz GX4

To compute 3 order normal forms of Eq. (16), we only need to find all 3 order polynomial
solutions of the sets of partial differential Egs. (25), (27) and (29). In Ref. [1], the characteristic
system of the set of partial differential equations and the independent first integrals of the
characteristic system were used to find the polynomial solutions of the set of partial differential
equations. In this paper, a different method is developed to obtain all 3 order polynomial
solutions of the sets of partial differential equations. To achieve this, we introduce 20 monomials
in the linear space H; as follows:

3

3.3 .3 2 2 2 2 2 2 2 2
X = [x] b x2> X3, X4, -x]-x25 x1x37 X1X4, xlea X2x3, X2x4, X3X1, X3X2,
2 2 2 2 my _my M3 _m
X3X4, X4X1, X3X2, X4X3, X1 X2X3, X1 X2X4, X1 X3X4, X2X3X4] = {X]"X5°X5° X"} (30)
It is clear that any 3 degree polynomials in H; can be represented by the combination of these
monomials in Eq. (30).
Utilizing Eq. (30), non-linear term f3(x) in Eq. (16) can be rewritten as

L2 = [Coxa]X T, (1)

where the matrix [Cyx20] is determined by generalized averaged Eq. (16), X7 is the transposed
matrix of X.
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In addition, based on Eq. (3), let
P =[P}, P5, P5, PyI"

Z dlmxm: Z dmema Z d3mxma Z d4mxm

|m|=3 |m|=3 |m|=3 |m|=3

T
= [Dax20]X T, (32)

m msy _my

where m = mymomsmy, x™ = x7"x52x5°x)", and [D4x20] represents a matrix which involves 80
unknown coefficients.

Based on the different 4 given in Egs. (19)—(21), substituting Eq. (32) into Egs. (25), (27) and
(29) respectively, we may obtain the three sets of 3-degree non-linear algebraic equations with
respect to xeR?.

(1) For the case of two pairs of pure imaginary eigenvalues, we have

0 0 0
—+602X4a 3 — (szs > Z dimx" — o1 Z X" (33a)

WXy =— — W1X]
( aX1 6X2 =3 =3

0 0 0 0 B .
(CL)]XQ a—)ﬂ — W1 X1 — + WXy 5—963 — W7 X3 a—x4> mz|:3 o X" + w1 Z dipx™ =0, (33b)

6XQ

|m|=3
a)xi—a)x a+a)x a—a)x de—a) de (33¢)
X2 1 5 24 s 2X3 5 2 3m 2 2 4m
a)xi—a)xi+wx 0 — woX Zd X"+ w Zd x" (33d)
X2 1 5y 24 s 2X3 5 2 4m 2 2 3m

(2) For the case of one non-semisimple double zero and a pair of pure imaginary eigenvalues,
we obtain

< aaz ox ai B 8i4> % dinx" =0, (34a)
<x1 % + wxy % — X3 8—x4> ,,; X" |m23 dipx" =0, (34b)
(Xl % + wx4 % — X3 8)@) ’; dz3pX" — @ ’; Ay x™ (34c)
( 382 + x4 5i3 — X3 %4) ’;3 dgpX™ + ,;_; dypX™ = 0. (34d)

(3) For the case of two non-semisimple double zero eigenvalues, we have

)
(xl ot ax4> Z dymX" (352)

m|=3
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0 m
(xl a— + X3 8X4> Z d2mx Z dlmx =0, (35b)

|m|= |m|=3
o 8 N
<X1 aixz + X3 8_)C4> ;3 d3mx = 0, (35C)
8+ 4 > dax" = > dsx” =0 (35d)
a x> X33~ aX4 ) 4m = 3mX = U.

Balancing the coefficients of x|"x3"? x’}“xj“(z m; = 3) on the left side and the right side of
Eqgs. (33)—(35), the three sets of linear algebraic equations, each of which respectively involves 80
equations, can be obtained. Solving each set of 80-dimensional linear algebraic equations, we are
able to present three bases of Ker ad’;* in H and three matrices [D4X20]j (G = 1,2,3) in which all
coefficients of matrices [D4x20] are determined. Therefore, we have

g*(x) = Dax20l X, j=1,23. (36)
Next, substituting Eq. (32) into Eq. (9) (k = 3, n = 4) yields the following three equations.
(1) For the case of two pairs of pure imaginary eigenvalues, we obtain
ad/iP3 (x) = DP}(x)Ax — AP*(x)

0 0 0 0
(a)lxzax+ w1X] 67)62 — W X4 5)6 + wox3 — a ) Z|m| 3 dipx™ 4+ w1 Z\m| 3 dy X"

0
w1X2—+w1x1——0)2x4 +602X3

m m
% Z|m|:3 domx™ — @y Z\m|:3 dimx

ox 2

—+w1x1 - w2x4 +602x3

0
( W1%2 5= + WIX] 5 = 02Xy = + W2X3 5 ) D m=s DX @2 D05 daX™
( 0x2 >

E|m|:3 d4mxm — W2 Z\nﬂ:?a d3mxm

(37)

6x4

(2) For the case of one non-semisimple double zero and a pair of pure imaginary eigenvalues,
we have

adiy P*(x) = DP3(x)Ax — AP*(x)

0 0 0 m m
<x2 F X4 o + wx3 — oy ) D=3 dimX™ = 01 33 domX

xzi— wxX4 — 0 —|—cox3 0 Z‘ml 3 dop X"
axl 5
- 8 8 a - (Y

6 a 6 m
<xZ 7 — X4 67)63 + X3 — x4 > Z|m| 3 d4mx —w E|m|:3 d3mx
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(3) For the case of two non-semisimple double zero eigenvalues, we obtain
adf\P3 (x) = DP3(x)Ax — AP3(x)

0 0
<X2 a_ + X4 ) 2|m| 3 dlmx Z|m|:3 dmem

8 5

= 5 5 . (39)
<x2 o + x4 3) ZIW!I:3 A3 X" — Z|m|:3 Ay X
<x28—il+X4 0 ) Z|m\ 5 X"
Simplifying Egs. (37)—(39) leads to
P (x) = Koo, X", j=1,2,3. (40)
Finally, substitution of Egs. (31), (36) and (40) into Eq. (10) (k = 3, n = 4) results in
[Cax20l X" = [Dasao] XT + [Kaxao], X", j=1,2,3. (41)

Balancing the coefficients of X" x72x25x7" (3.7 m; = 3) on the left side and the right hand side of
Eq. (41), a set of linear algebra equations, which involves 80 equations, can be obtained as

[Cax20] = [Daxao); + [Kaxaoljs  J=1,2,3. (42)

Solving Eq. (42), we may obtain the coefficients of the normal forms associated with the
coefficients of the generalized averaged Eqs. (16) and near identity non-linear transformation.

The deriving procedure and formulae given in the aforementioned analysis can be directly
utilized to obtain Maple symbolic computation program. The outline of the program is given as
follows.

1. Based on the original equation, create the matrix [Cyx20].

2. Give near identity non-linear transformation P?(x) = [D4y20] X T.

3. Substitute A*, P3(x) and DP3(x) into Eq.(18). Balance the coefficients of
D SR D (Z? m; = 3) and get the matrices [D4X20]j G=1,2,3).

4. Obtam g (x) = [D4X20] XT j=1,2,3.

5. Substitute 4, P3(x) and DP3(x) into Eq. (9) and get /1°(x) = [Ka0], X", j=1,2,3.

6. Balance the coefficients of ¥} x32x7°x7* (3F m; = 3) on the left side and the rlght hand side
of Eq. (41) and solve Eq. (42).

The Maple source codes for computing the normal forms by applying the above procedures are
presented in Appendix A.

In the original work on the adjoint method, Elphick et al. [1] did not give the explicit formulae
of the relationship between the coefficients of the original system and those of the normal form.
They did not also demonstrate how to compute the coefficients of the normal form in terms of the
coefficients of the original system. Sri Namachchivaya et al. [16] obtained the 4 leading complex
coefficients of the normal form by using the coefficients of the original system. They did not give
all coefficients in the normal form. Comparing the method developed here with other methods
given in Refs. [9,17,25], it is observed that we may, respectively, obtain the normal forms, the
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coefficients of the normal forms and the associated near identity non-linear transformations for
three resonant cases by using the same main Maple symbolic program. Therefore, it is more
convenient to utilize the approach developed here to compute the normal form of the averaged
equations for different resonant cases. It is also found that in Refs. [9,17] the researchers only
investigated the cases in which the center manifold is four-dimensional. In addition, Leung and
Zhang only computed the normal forms of non-linear systems with two-, three- and four-
dimensional center manifolds by using the Mathematica language in paper [25]. They did not
calculate the normal form on center manifold of dimensional number > 4.

In the next section, the two examples will be employed for non-planar non-linear oscillations of
a cantilever beam to demonstrate the procedure of computing the normal forms with the aid of
the method developed above and the Maple program.

4. Application to non-planar motions of a cantilever beam

In order to conveniently investigate the global bifurcations and chaotic dynamics in non-planar
non-linear oscillations of a cantilever beam under combined parametric and forcing excitations,
we need to reduce the averaged equations for non-planar non-linear oscillations of the cantilever
beam to a simpler normal form.

We consider a cantilever beam with length L, and mass m per unit length subjected to a
harmonic axial excitation at free end. Assume that the beam considered here is the Euler—
Bernoulli beam. A Cartesian co-ordinate system, Oxyz, is adopted which is located in the
symmetric plane of the cantilever beam. The s denotes the curve co-ordinate along the elastic axis
before deformation. &, # and ¢ are the principal axes of the cross-section for the cantilever beam at
position s. The symbols v(s, £) and w(s, ) denote the displacements of a point in the middle line of
the cantilever beam in the y and z directions, respectively. The harmonic axial excitation may be
expressed in the form 2F; cos Q¢. The transverse excitations in the y and z directions are
represented in the forms 2F>(s)cos 2>t and 2F3(s) cos £2,¢, respectively. The non-dimensional
governing equations of non-planar non-linear motion for the cantilever beam under combined
parametric and forcing excitations are of the following form [26]:

S s !/
B+ co+ pu" + Frcos(@" =(1— ) [w”/ "w’ds — w' / "w ds]

— —(l—ﬁ) [ / / o //deS:| _ﬁ [U(U/ ”—I—W/W”)]/

/

_ §|: / dlz{/ (U’2 + W’Z) ds}ds] —F| cos(Q1)[v (Ul2 + le)]
+ Fy(s) cos(€2x1), (43a)

s s !
W+ w4+ W+ Fcos(Qw” = — (1 - B,) [v”/ "w'ds — / W't ds]
0

_ %(1 _ ﬁy) |: / / U// 1 ds ds:| [W/(U/U// + W/H//)/]/
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s 12 s /
— %[w’/l %{/0 W?* +w?) ds}ds] —F; cos(Q,6)[W (0" + w?)]
+ F3(s) cos(£2,1), (43b)

where the dots and primes, respectively, represent partial differentiation with respect to ¢ and x, ¢
is the damping coefficient, and f, is the ratio between the in-plane and out-of-plane principal
flexural stiffnesses, that is, B, = D./D,.

The boundary conditions are

v(0,7) = w(0,7) = v/(0,7) = w(0,1) = 0, (44a)
(1) = w16 = o"(1,1) = w"(1,1) = 0. (44b)

In the following analysis, we apply the Galerkin procedure to Eq. (43) to obtain a two-degree-
of-freedom (d.o.f.) non-linear system with parametric and forcing excitations. A planar and a
non-planar flexural mode for the cantilever beam are considered as

v(s, 1) = y(6)G(s), (45a)
w(s, t) = z(£)G(s), (45b)

where the function G(s) is a mode of the transverse free vibration for linear cantilever beam and is
of the following form:

G(s) = cosh(rs) — cos(rs) — [(cosh(r) 4 cos(r))/(sinh(r) + sin(r))][sinh(rs) — sin(rs)].  (46)

The linear mode G(s) satisfies the differential equation

G" -r*G=0, (47)
and
G(0)=G'(0)=G"(1)=G"(1)=0. (48)
r is determined by the characteristic equation
cosh(r)cos(r) + 1 = 0. (49)

Introduce the time variable 7 = r’¢. For convenience of the following analysis, we drop the hat.
Substituting Eq. (45) into Eq. (43), multiplying Eq. (43) by G(s) and integrating to s from O to 1, a
2-d.o.f. non-linear system with parametric and forcing excitations is obtained as
P+ By = — &+ 200F cos(@Q)y — ooy (P + 37 + 22+ 2) — a3,y
1
By

— | Bz + (1 = By — — (1 — B,) s | pz* + 206 Fy cos(@1)(y° + yz*) + i cos Qt,

(50a)

Z4z= — ¢z 4 20 F) cos(Qt)z — arz(yy + y'Z + 25 4 2%) — o32°
1

+ A 2y + 206F; cos(Q10)(z° + zy?) + frcos Qt,  (50b)
b

(1= Bog+ (1 = B,) s — Bo
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where the dots denote partial differentiation with respect to 7, and
1 1 1 N N ! 1 1
¢ :rﬁz, m=—= GG"ds, wy = / G[G’ / / G” ds ds] ds, o3 =3 / G[G'(G'G")]ds,
0 0

1
oy = _ri4 G|:G/// G/IZ G//// G/G// dS:| dS s = _/ |:G/// / G//Z deS:| dS
0

—%/ G(G?Y ds, fi = 1/ GF,ds, f, = 1/ GF; ds. (51)
0 0

In this section, we will use the results obtained above to give the normal forms of the averaged
equations for non-planar non-linear oscillations of the cantilever beam under combined
parametric and forcing excitations in two resonant cases. In other paper [27], based on the
normal forms of the averaged equations for non-planar non-linear oscillations of the cantilever
beam under combined parametric and forcing excitations presented here, we will analyze the
global bifurcations and chaotic dynamics for non-planar non-linear oscillations of the cantilever
beam.

O —

4.1. An example for two pairs of pure imaginary eigenvalues

First, principal parametric resonance-1/2 subharmonic resonance and 1:1 internal resonance
are considered. From Eq. (50), it is found that there is w2 = 1. Therefore, when the ratio f8, =
w?~1, there is the relation of 1:1 internal resonance in Eq. (50). The resonant relations are
expressed as

RB=0 p=0l=1R+teo, }=101¢0, (52)

where ¢; and o, are two detuning parameters.

Using the method of multiple scales, the averaged equations for non-planar non-linear
oscillations of the flexible cantilever beam under combined parametric and forcing excitations are
of the form

X = écxl (0'1 + o1 F)x; +%(2O€2 — 30(3)X2(X% + X% + xi)

— 1 Qo + a3)x2x3 + Qo — Faz)xixsxs, (53a)
Xy = — %cxz +%(0'1 — a1 F)x; — %(20(2 - 30(3)x1(x% + x% + x%)

+ é(20<2 + oc3)x1xﬁ - (% % — %O€3)X2X3X4, (53b)
X3 = ;cx3 (0'2 + o1 F1)x4 + % (20, — 30(3)X4(xi + x% + x%)

— Lo + a3)xtxs + Gon — Laz)xyxoxs, (53c)
X4 = — %cm —i—%(az — o F)x3 — (20(2 — 30(3))(3()64 + x3 + xl)

+ %(20{2 + OC3)X§X3 - (% oy — g Lo3)x 1 x2x4. (53d)

It is noticed that the averaged Egs. (53) have the Z, ® Z, and D, symmetries. Therefore, these
symmetries are also held in the normal form. It is known that system (53) has a trivial zero
solution (x1, x3, x3,x4) = (0,0,0,0) at which the Jacobian matrix can be written as
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—%C —%(O‘l—f—lel) 0 0
Loy — ot F, —le 0 0
J=D.X = 2 (01— ki) 2 1 1 (54)
0 0 —C —5(02+061F1)
0 0 %(UQ_OC]Fl) —%C
The characteristic equation corresponding to the trivial zero solution is
WP 420+ + a0l — 0P+ 2eh+ + a3 —f3) =0, (55)
where fy, = o F.
Let
M=+l —f3, M=c+ad—f (56)

When ¢ =0, 4, = al fo >0 and 4, = 63 — fZ > 0 are simultaneously satisfied, system (53)
has two pairs of pure imaginary eigenvalues

Ao = Fid1, Azg = Fidy, (57)
where @} = o7 — /2, @3 = 03 — f3.
In the case of 1:1 internal resonance, there is the relation @; ~@,. Considering the excitation

amplitude f; as a parameter, the averaged equation (53), which does not have the parameters,
becomes

X1 =—1ox+§Qun - 3063)x2(x3 + X7 + X3) — 5 oy + 03) X3 + oy — Jo3)x1 X34,

X2 =L o1x) — 120 — 3o3)x1 (03 + X7 + X3) + § Qo + 03)x1 x5 — Yoo — L az)xax3x,

X3 = —Loaxy + (2o — 303)xa(x] + X3 + x3) — L (200 + 03)x7x4 + Y02 — L a3)x1 03,

X4 =Loaxy — L (200 — 303)x3(xF + X3 + X]) + £ (200 + w3)x3x3 — Hon — Lez)xixoxs. (58)

System (58) may be rewritten as

X = Ax + 3 (x), (59)
where
0 —day 0 0
l¢¢. 0 0 0
A= 1 . (60)
o 0 0 o
0 0 da 0

The adjoint transposed matrix of A4 is of the form

0 1o 0 0
1
« | —ter 0 0 0
A= 0 0 0 lg 6
) 2
0 0 -l 0

Executing the Maple program given in Appendix A, the 3 order normal form of the averaged
equation (58) is obtained as
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31 =—doys + Gon — e3)ya(} + »3) — a3 + 03), (62a)
Vo= %O'Iyl - (}1 o — %053))/1()’% + J’%) + %“3%()’% + J’zzt)’ (62b)
73 = =5 oaya + (F o2 — 55030403 + ¥3) — joaya(r7 + 32), (62¢)
V4 = 302y3 = (fg 02 = 503)y30% + ) + 100307 +3). (62d)
The non-linear transformation used in the above computing procedure is of the form
il 010,20 — 3m) 5, 1 6}e2(2m + a3) 2,

296% — 106202 + 07 T 2947 — 106262 + o
10’2(20(2 — 3u3)(76} — 03) y2 1 (763 — 03)(202 + “3)y2 \
4 90t — 100307 + o3 4 9¢% — 100267 + o 72

(—4610(2 — 302063)(761 — 0'2) | 5 (20’10‘20(3 — 20’%062 + 36%0(3 — 30%063) | 5
3 2 4

8a107 8a1(07 — 03)
01(60%062 + 30%0(3 — a%og — 20%0(2) 01(30’1 oz)(2oc2 — 303)
7 o) 7 Y1y2ys — Y1)2ya
2907 — 100507 + 05) 2(9a1 — 100307 + 0%)
loi(o10 — 0203)
_— == , 63
3 aQuatay) +§ 91(m — 303) 5
272967 100207 + 037 T 2967 — 100207 + 0370
16120y + 3)(307 — 03) , 101(30% —03) 20 — 303)
4 901 100’20'1 0‘2‘ 27371y 90’1 100’20'1 + 0'2 274
1(62063 — 20‘10<2 + 20‘2052 —010200) 5 B 0'10'2(2<x2 — 303)
4 02(a? — a3) P37 g, 1 — 100367 + 03 J1y2)3
2 2
0102200 + 3) 1 (010203 + 030 — 20502)
_ -z , 63b
967 — 106207 + 1724 7 § 207 — o) V1V3V4 (63b)
_ (=200 + 303) 3 (Qon —a3) ,
=t 80> 3 4(o) — )y2 .
(=200 +303) 5, (200 — 03)
—_ 63
T 4o, = )y1y2y4, (63c)
1 (2o, — o3) 1 3(—20 + 303) 1 2oy — o3)
X4 =ys+ Z—Syfyct 1——3y§y4 —3y1yzy3 (63d)
o1 — 03 6 ) 4 01—

It is observed that normal form (62) is simpler than averaged equation (53). However, normal
form (62) is topologically equivalent to averaged equation (53).
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4.2. An example for a double zero and a pair of pure imaginary eigenvalues

In this section, we investigate the case of the ratio f§, = w?~1/4. In this case, there is the
relation of 1:2 internal resonance for Eq. (50). In addition, principal parametric resonance-1/2
subharmonic resonance for the first mode and fundamental parametric resonance—primary
resonance for the second mode are considered. The resonant relations are represented as

Q%:Q%, w%:ﬁy:%Q%—Fsal, 1260%29%4—862, (64)

where g, and ¢, are two detuning parameters.

Using the method of multiple scales, the averaged equations for non-planar non-linear
oscillations of the flexible cantilever beam under combined parametric and forcing excitations are
of the form

$1 = —Lexy — (01 + o Fi)xs 4+ &5 (200 — 3o3)x2(33 + x7) + rxa(x3 + x3), (65a)
%o = —Lexy + 1 (01 — o Fi)x — 5 (20 — 3e3)xi (37 + X3) — Brx1(x3 + x3), (65b)
X3 = —% X3 — %02)@; + (% oy — 30(3))64()63 + x%) + 2ﬁ2X4(X§ + x%), (65¢)
$4=—fr —Sexs +Loaxy — oo — 303)x3(x3 + x3) — 2Box3(xT + x3), (65d)
where ) = —3ay +J0s — o3, fy =Jou +Jas — 0.

Take into account the exciting amplitude f; as a perturbation parameter. Amplitude f; can be
considered as an unfolding parameter when the global bifurcations are investigated. Obviously,
when we do not consider the perturbation parameter, Eq. (65) becomes

X1 = —fexy — 3 (o1 + o Fi)xs + 35 Qo — 303)x2(3 + X3) 4 B1x2(3 + X3), (66a)
%2 = —dexa + (01 — wF)xy — 520 — 30)x1 (x] + x3) — B1x1(x3 + x3), (66b)
X3 = —L ey — S ooy + Qo — 3o3)xa(x] + x3) + 2B, xa(x3 + x7), (66¢)
X4 = —Lexg + S ooy — oo — 303)x3(03 + x7) — 2Box3(x] + x3). (66d)

Eq. (66) has a trivial zero solution (x;, x», x3, x4) = (0,0, 0,0) at which the Jacobian matrix can
be represented as

—3c —3(e1+f) 0 0
oy — -l 0
0 0 ) Cc -3 (42)
0 0 % 02 —% c
where fy = o F.
The characteristic equation corresponding to the trivial zero solution is of the form
(W +2ci+ P+ 07 — [+ 20+ +03) = 0. (68)

Let
A= +al—f, M=+ (69)
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When ¢ =0, 4; = 07 — f =0 and 4, = 63 >0 are simultaneously satisfied, system (66) has a
double zero and a pair of pure imaginary eigenvalues

J12=0, 34 = tidy, (70)
where @3 = 73.
Letting o1 = fy + 26 as well as setting f, = —1, the averaged equation (66) without parameter
f> is changed to

X1 =x2 + % ocz(xg + x%xz) - 312 og(x% + x%xz) + ﬁl(xzxg + xzxﬁ), (71a)
Xy = —% ocz(x? + xlxg) + % og(xf + xlxg) - ﬁl(xlxg + x1xﬁ), (71b)

%3 = —Looxy +Lon(x] + xX3xa) — 3os(x] + x3x4) + 2B>(xX3x4 + XTx4), (71c)
%4 = Soaxs — Lo (03 4+ x3x3) + 303(3 4+ x3x3) — 2B5(x3x] + X3X3). (71d)

In the case considered here, we have

01 0 0
0 0 0 0

4 = , (72)
00 0 —30
0 0 % 1) 0

and
0 0 0 0
x 1 0 0 0

A* = | (73)
0 0 0 302
0 0 —% oo O

Executing the Maple program given in Appendix A, the 3 order normal form of system (71) is
obtained as

=y (74a)
py = (—k Loz)yd — — 2 74b
Y2 = (=152 +53%3)¥1 — fiyiys — By, (74b)
¥3 = —3o2ya + Goo — 3u3)yy + 2oy + (G oo — 305)y3y4, (74¢)
Y4 = %0'2)/3 + (—% o + 3a3)y§ — 2ﬁ2)’%)’3 + (—% o + 30{3))’3)&2;- (74d)
The non-linear transformation used here is given as follows:
28 2p
X1 =1+ G0 — Foai + (G52 — 5 m)yy; — O,—zlyzy§ + O_—;yzyi (75a)
2=+ (=S + G o)y, (75b)

X3 = y3 + 2Boy1y254, (75¢)
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X4 = y4 — 2B2y112)3. (75d)
The results obtained above completely agree with that presented by using the method in paper [9].

5. Conclusions

Comparing the method developed here with other methods given in Refs. [9,17,25], it is observed
that we may respectively, obtain the normal forms, the coefficients of the normal forms and the
associated near identity non-linear transformations for three cases by using a same main Maple
symbolic program. Therefore, it is more convenient to utilize the approach developed here to compute
the normal form of the averaged equations for different resonant cases. It is also found that in
Refs. [9,17] the researchers only investigate the cases in which the center manifold is four-dimensional.
It is known that in paper [25] Leung and Zhang only computed the normal forms of non-linear systems
with two-, three- and four-dimensional center manifolds by using the Mathematica language.

A new and efficient method of computing the normal forms for high dimensional non-linear systems
is developed based on the adjoint operator method. The newly developed method has the advantage
that it is not necessary to find the characteristic system of the sets of partial differential equations, the
solutions of which lead to the normal forms. Neither is it necessary to obtain the independent first
integrals of the characteristic system. Employing the new method, 3 order polynomial solutions of the
sets of partial differential equations are conveniently obtained by using Maple symbolic program.
Furthermore, the polynomial solutions can be directly introduced to determine the basis of a vertical
complementary subspace. Finally, the method is applied to the averaged equations for non-planar non-
linear oscillations of the cantilever beam in two different resonant cases. The normal forms of the
averaged equations obtained in this paper can be used to investigate the global bifurcations and chaotic
dynamics in non-planar non-linear oscillations of the cantilever beam under combined parametric and
forcing excitations. In the next paper [27], the global bifurcations and chaotic dynamics for non-planar
non-linear oscillations of the cantilever beam will be investigated.
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Appendix A. Maple programs of computing normal forms

In the following, the Maple source codes for computing the normal forms are presented. Using
the Maple programs, we are able to obtain 3 order normal forms of four-dimensional non-linear
systems and associated near identity non-linear transformation.
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1. The main Maple symbolic program is as follows:

nml :=proc(b::array,L1::array)
local F, C, H, H1. i, j;
F :=evalm(b&*A);
C :=array(1..4,1..4);
for i from 1 to 4 do

for j from 1 to 4 do

Clij] :=diff(F[i].x[j]);

od;
od;
H :=evalm(C&*L1&*x-L1&*F);
H1 :=array(1..4);
for i from 1 to 4 do

H1[i] :=simplity(H[i]);
od;
HI1;

end:

nm2 :=proc(T1::array)
local a, eql, eq2, eq3, i, j, k, m, n, n1;
a =array(1..4,1..20);
for i from 1 to 4 do
for j from 1 to 4 do
a[i,j] :=coeff(T1[i],x[j]"3);
od;
n :=0;
for j from 1 to 4 do
eql :=coeff(T1[i].x[j]"2);
for k from 1 to 4 do
if k<>j then
n:=nt+l;
a[i,4+n] :=coeff(eql,x[k]);
fi;
od;
od;
nl :=4+n;
n :=0;
for j from 1 to 4 do
eq2 =coeff(T1[i].x[j]);
if j+1<=4 then
for k from j+1 to 4 do
eq3 :=coeff(eq2,x[k]);
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if k+1<=4 then
for m from k+1 to 4 do
n:=n+l;
a[i,nl+n] :=coeff(eq3,x[m]);
od;
fi;
od;
fi;
od;
od;
a,

end:

nm3 :=proc(C2::array,c::array)
global NN, b3;
local eqb0, eqbl, egs, bl, b2, AA, BB, CC, 1, j,n, k, M;
eqb0 :=array(1..80);
eqbl :=array(1..80);
n :=0;
for i from 1 to 4 do
for j from 1 to 20 do
n:=n+1;
eqbO[n] :=C2[i,j]=0;
eqbl[n] :=c[i,j];
od;
od;
eqs :=convert(eqb0,list);
bl :=convert(eqbl,list);
AA :=genmatrix(eqs,bl,'v');
b2 :=linsolve(AA,v,'r',eqbl);
b3 :=array(1..4,1..20);
for i from 1 to 4 do
for j from 1 to 20 do
b3[i,j] :=b2[j+20*(-1)];
od;
od;
n :=0;
BB :=convert(b2,set);
CC :=convert(BB,list);
M =nops(CC);

for i from 1 to 4 do
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for j from 1 to 20 do
k=1,
while coeff{ CC[k],¢[i,j])=0 and k<M do
k =k+1;
od;
if k<M then
n:=n+l;
elif coeff(CC[M],¢[i,j])<>0 then
n:=nt+l;
fi;
od;
od;
NN :=n;

end:

nm4 :=proc(G21::array,g::array,b::array)
local eqb0, eqbl, eqb2, eqs, bl, b2, b4, AA, i, j, k, n;
eqb0 =array(1..80);
eqbl :=array(1..80+NN);
eqb2 :=array(1..80);
b4 :=array(1..4,1..20);
n :=0;
for i from 1 to 4 do
for j from 1 to 20 do
n:=n+1;
eqb0[n] :=G21[ij]=h[i,]:
eqbl[n] :=g[ij]:
eqb2[n] :=b[i,j];
od;
od;
for j from 1 to NN do
eqb1[80+]] :=eqb2[j];
od;
eqs :=convert(eqb0.list);
bl :=convert(eqbl,list);
AA :=genmatrix(eqs,b1,'v'");
b2 :=linsolve(AA,v.,'r',eqbl);
for k from 1 to 80+NN do
for i from 1 to 4 do
for j from 1 to 20 do
b2[k] :=subs(g[i,j]=0.b2[k]);
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od;
od;
od;

for j from 1 to NN do
eqb2[j] :=b2[80+]];
od;
forifrom 1 to 4 do
for j from 1 to 20 do
BIij] =eqb2[j+20%(i-1)];
b4[ij] =b2[j+20*(-1)]:
od;
od;
b4;

end:

with(linalg):
read inputl;
X :=vector(4):
A =vector(20,[x[1]"3, x[2]"3, x[3]"3, x[4]"3, x[1]"2*x[2],
x[1]7°2*x[3], x[1]°2*x[4]. x[1]*x[2]"2, x[2]"2*x[3],
x[2]72*x[4], x[1]*x[3]"2. x[2]*x[3]"2, x[3]"2*x[4],

X[11*x[4]°2, x[2]*x[4]"2, x[3]*x[4]"2, x[1]*x[2]*x[3],

XUIPX[2*x[4], x[1]*X[3]*x[4], x[2]*x[3]*x[4]]):
b :=array(1..4,1..20):
g :=array(1..4,1..20):
h :=array(1..4,1..20):

L :=array(1..4,1..4):
for i from 1 to 4 do
for j from 1 to 4 do
L[ij] =wlijl:
od;
od;
print(L);
for i from 1 to 4 do
for j from 1 to 20 do
hlij] =ulij];
od;
od:
L1 :=transpose(L):

971
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B1 :=nml(b,L1):
B2 :=nm2(B1):
nm3(B2,b):
G1 =nml(g.L):
G2 =nm2(G1):
G21 =evalm(G2+b3):
G3 =nm4(G21,g,b):
G4 =evalm(b3&*A):
G5 =evalm(G3&*A):
for i from 1 to 4 do
GA4[i] :=convert(G4[i],rational):
od;
for i from 1 to 4 do
GS5Ji] :=convert(G5][i],rational):
od;

2. The input program for two pairs of pure imaginary eigenvalues is listed in the following.

with(linalg):

w:=array(1..4, 1..4, [[0, -(1/2)*sigma[1], 0, 0], [(1/2)*sigma[1], 0, 0, 0].
[0, 0, 0, -(1/2)*sigma[2]], [0, 0, (1/2)*sigma[2], 0]]):

w:=array(1..4, 1..20, [[0, (1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, (1/8)*(2*alpha[2]-3*alpha[3]),
0,0,0,0,0,0,-(1/8)*(2*alpha[2]+alpha[3]), 0, 0,
(1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, 0, (1/4)*(2*alpha[2]-alpha[3]), 0],
[-(1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, 0, 0, 0, 0, -(1/8)*(2*alpha[2]-3*alpha[3]),
0, 0, -(1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, (1/8)*(2*alpha[2]+alpha[3]),
0, 0, 0, 0,0,-(1/4)*(2*alpha[2]-alpha[3])],
[0, 0, 0, (1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, -(1/8)*(2*alpha[2]+alpha[3]),
0, 0, (1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, (1/8)*(2*alpha[2]-3*alpha[3]),
0, 0, 0, (1/4)*(2*alpha[2]-alpha[3]), 0, 0, 0],
[0, 0, -(1/8)*(2*alpha[2]-3*alpha[3]), 0, 0, -(1/8)*(2*alpha[2]-3*alpha[3]),
0, 0, (1/8)*(2*alpha[2]+alpha[3]), 0, 0, 0, 0, 0, 0, -(1/8)*(2*alpha[2]-3*alpha[3]),
0, -(1/4)*(2*alpha[2]-alpha[3]), 0, 0]]):

3. The input program for a double zero and a pair of pure imaginary eigenvalues is listed in
the following.

with(linalg):

w:=array(1..4, 1.4, [[0, 1, 0, 0], [0, 0, 0, 0], [0, 0, 0, -(1/2)*sigma[2]],
[0, 0, (1/2)*sigmal[2], 0]]):

w:=array(1..4, 1..20, [[0, ((1/16)*alpha[2]-(3/32)*alpha[3]), 0, 0,
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((1/16)*alpha[2]-(3/32)*alpha[3]), 0, 0, 0, 0, 0, 0, beta[1], 0, 0, beta[1], 0, 0, 0, 0, 0],
[(-(1/16)*alpha[2]+(3/32)*alpha[3]), 0.0, 0, 0, 0, 0,
(-(1/16)*alpha[2]+(3/32)*alpha[3]), 0, 0, -beta[ 1], 0, 0, -beta[1], 0, 0, 0, 0, 0, 0],

[0, 0, 0, (0.5*alpha[2]-3*alpha[3]). 0, 0, 2*beta[2], 0, 0, 2*beta[2],

0, 0, (0.5*alpha[2]-3*alpha[3]), 0, 0, 0, 0, 0, 0, 0],

[0, 0, (-0.5*alpha[2]+3*alpha[3]), 0, 0, -2*beta[2]. 0, 0, -2*beta[2],

0.0, 0,0, 0, 0, (-0.5*alpha[2]+3*alpha[3]). 0, 0, 0, 0]]):
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